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Abstract 

Hawking effect from the Kinnersley spacetime is investigated using the improved 
Damour-Ruffmi method with a new coordinate transformation. Hawking temperature 
of the horizons can be obtained point by point. It is found that Hawking temperatures 
of different points on the horizons are different. Especially, Hawking temperature of 
Rindler horizon is investigated. The touch between a Kinnersley black hole and its 
Rindler horizon is considered, and it shows that the phenomenon is related to the 
third law of thermodynamics. 
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1 Introduction 

It is well known that Hawking effect in a black hole is one of the most striking phenomena [U 
[2] . A black hole was found to have thermal property right after the four laws of black hole 
thermodynamics had been built successfully and Hawking radiation had been discovered. In 
1976, Damour and Ruffini proposed a new method with which one can also calculate Hawking 
radiation[3j. Using this method, Liu et al proved that a Kerr- Newman black hole radiates 
Dirac particles [U [5]. In 1990's, Z Zhao, X. X. Dai and Z. Q. Luo improved Damour- Ruffini 
method to study Hawking effect from some dynamical black holes. They only investigated 
several kinds of dynamical spherically symmetric black holes via the improved method[61 E]. 

Some rapid progress has been made on Hawking effect of dynamical black holes in a 
recent several years (SJ[9|. J. L. Huang, et al investigated Hawking effect of a Vaidya black 
hole using null geodesic method [TO]. X. M. Liu, et al studied it via gravitational anomaly 
method [TTj. Using a new tortoise coordinate, Hawking effect of some dynamical spherically 
symmetric black holes has been investigated in Ref[12j. We got more accurate surface gravity 
and Hawking temperature. 
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It is well known that a stationary black hole has the same temperature on the horizon. A 
dynamical spherically symmetric black hole has also the same temperature on its horizon at 
the same time while its temperature varies with time. However, the temperature at different 
points on the horizon of an axisymmetric dynamical black hole may probably different, 
a variable depending on points. Using a new tortoise coordinate, Hawking effect of the 
Kinnersley spacetime is studied. 

The organization of this paper is as follows. In Sec. 2, we will give a brief overview on 
the Kinnersley spacetime. In Sec. 3, we discuss Hawking effect in the Kinnersley black hole 
under the new tortoise coordinate transformation. In Sec. 4, the touch between a Kinnersley 
black hole and its Rindler horizon is studied. The conclusion and discussion are given in the 
last section. 



2 The Kinnersley spacetime 

The line element of the Kinnersley spacetime is expressed in Eddington-Finkelstein advanced 
time coordinate as 1 1 3 1 : 



where 



2?71 

ds 2 = [1 - 2ar cos 6 - r 2 (/ 2 + h 2 sin 2 9) }dv 2 - 2dvdr 

r 

—2r 2 fdvd6 — 2r 2 hsin 2 9dvd(p — r 2 d9 2 — r 2 sin 2 9dLp 2 , 



/ = —a{v)sin6 + b(v) simp + c(v) cosip, 

h = b(v) cot 9 cos if — c(v) cot 9 sin (p,m — m{v) . 

For the case of accelerated rectilinear motion, we have 

b(v) = c{v) = 0, 

so the line element can be rewritten as 

2777- 

ds 2 = [1 — 2ar cos 9 — r 2 a 2 sin 2 9 }dv 2 — 2dvdr 

r 

+2r 2 a sin 9dvd9 - r 2 d9 2 - r 2 sin 2 9dip 2 . (2) 
The null hypersurface condition 

9 dxf dx u ~ ° ^ 



can be rewritten as 



2777, t' 2 

2r- (1 -2arcos# ) + 2ar'sm9 = 0, (4) 



where f = f^,r' = |g. The Eq.(j4]) determines the local event horizon of the Kinnersley 
spacetime. 
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3 Hawking effect from the black hole horizon 



The Klein-Gordon equation in the Kinnersley spacetime is 

a 2 $ 2 5$, „ 2m x <9 2 $ d 2 $ 
2—— + -— + (1 - 2arcos# )-— + 2a sin (9 



dvdr r dv r dr 2 dOdr 

2r - 6ar 2 cos 9 - 2m <9$ 2a sin d^ 2 acos0 9$ 1 ^ $ 
r 2 5r r d# 9r r 2 dO 2 

cotO 5$ 1 <9 2 $ „ 

dO sin 6* a</r 

where \x is the mass of a Klein-Gordon particle. 

It is well known that when Hawking effect from a Schwarzschild black hole is investigated 
using Damour-Ruffmi method, the tortoise coordinate is defined as following[3] 

r — 2M 

r* = r + 2Mln[ 1. (6) 

[ 2M J V ; 

In the Kinnersley case, we suggest a new tortoise coordinate transformation as 

* + 2k(v ,6 ) [ r H (v,9) J ' 

v# = v - v , 9* = 9 - 9 , (7) 

where both vq and Oq are constants under tortoise coordinate transformation. At the same 
time, vq is the moment when the particle escapes from the black hole horizon and depicts 
evolution of black hole, 9 is the location where the particle escapes from the event horizon 
of black hole and depicts shape of black hole. According to the new tortoise coordinate 
transformation, we have 

— - [II 1 9 

dr 2n{r — r H ) dr* ' 

d d rfn d 



dv dv* 2/crjj(r — r#) dr* ' 
d d rr' H d 



d9 d9* 2nr H {r — m) dr* 



d 2 1 l2 d 2 1 d 



dr 2 2k(t — rjj) dr 2 2k(t — rn) 2 dr* 

d 2 r _ 1 . d 2 r H d 



drdv 2k{t — r#) dr*dv* 2n{r — r#) 2 dr* 

rru ^ 1 ! d 2 



2Krn{r — rn) 2n{r — th) dr 2 



d 2 i a 2 r' a 



drdO 2k[t — r#) dr*dO* 2n{r — ru) 2 dr* 
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rr' H I 1 d 2 



2Krn(r — ru) 2n{r — rn) dr 2 
d 2 d 2 rr'ftTHi? — th) — rr%(r — th) + tt^th d 
89 2 d9 2 2nr 2 H (r — r H ) 2 dr* 

2rr' H d 2 r 2 r'^ d 2 



2kth{t — Th) dr*dd* AK 2 r 2 H {r — ru) 2 dr 2 

The Klein- Gordon Eq(j5]) can be rewritten as 

r% + [1 + 2/c(r - r H )]{-2rr H (r H + ar' H sin#) + r 2 H [l + 2n(r - r H )](l - 2arcos6 - 2s*)} 

2Kr 2 H (r — rjj)[l + 2k{t — r#)] 

a 2 $ a 2 $ r 1 



dr 2 dv*dr* r 2 H r[L + 2n(r — r#)](r — r#) 

r 2 / \ 2 / r\ 2t7T< . 2 / /i 

[2rr H f// — 2rurHr{r — Th) — r H r(l — 2ar cos ) + 2ar H r H r sin 9 

—2ar' H r H r{r — r H ) sin 9 — r H r' H {r — r H ) cot 9 — r'^r H {r — r#) + r^(r — r#) — r'^r H 

2 2m (9$ 2rr\ff[l + 2«(r — rff)lasin0 — 2r' ff <9 2 $ 

H --4acos6>}— + 



- 2 <9r* rr#[l + 2«(r — ?"#)] dr*89* 

2n(r-r H ) r 2d$ , 2a sin d$ 1 <9 2 $ 



1 + 2n{r — Th) r dv* r 09* r 2 d9* 
cot 9d<$> 1 <9 2 $ 2 _. n 

H o9* r 2 sin 6* a</^ 

From the null hypersurface condition EqflU) of Kinnersley spacetime, the numerator of the 
coefficient on the term approaches to zero at the horizon r#. Therefore we can cal- 
culate the limit of the coefficient using L 'Hospital law. Assuming the limit is equal to an 
undetermined constant K, so when k is selected as 

1 ^-acostf-^f ! ^ + acosfl + 0- - 

^ _ ± r H r _H_ _|_ ± r H Zr H ZrH ^g-j 

2r v ^ + acos9 + pt 2r H ™- + acos 6> + ^f- 

r H Ar H r H zr H 

we have K — 1. 

When r approaches to r#, the Klein-Gordon Eq(JH]) can be transformed into 

*5 + 2 -^- + B-**- - G— — (10) 

dv*dr* dr*d9* dr* 

where 

£ = 2(asinfl - ), 

r — 4. ?m 4. r H cot ft> , !h _ !h , if 

I r) I r\ I o I • 

r H r lf r H r H r H r H 

Separate variables as following 

$ = R(r*)Q(9*)e^- iujv % (11) 
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where u is the energy of the Klein-Gordon particle, / is the projection of angular momentum 
on ip- axis, we can get 

0' = AG, 

R" + (XB-G- 2iu)R' = 0, (12) 

where the constant A is introduced by the separation of variables. 
Assuming A = Ai + zA 2 , Ai, A 2 G R, the Eqs (fl2~|) can be written as 

0' = (Ai + zA 2 )G, 

R" + [(\ 1 + i\ 2 )B-G-2iu]R' = 0, (13) 

and its solution is 

@ = Cie (A 1+ a 2) e % 

R = C2e -[(Ai+iA 2 )S-G-2 iw ]r, + ^ (14) 

where ci,c 2 and C3 are integral constants, is polar angle. Its radial ingoing and outgoing 
components are respectively 

lb- = e ~ iu)V * 

Yin ^ j 

lfj out = e -^* e 2i(^-^0)r* e (G-A 1 B)r % ^ 

where 

u Q = \\ 2 B = A 2 (asin0o- ! f). (16) 
The outgoing wave is rewritten as 

VWt = e--*e^-^ r e Ar C-^)^( r -^)^, (17) 

where A = G — XiB. It is obvious that the outgoing wave is not analytical at the horizon 
r#. Extending the outgoing wave from outside to inside of the horizon analytically through 
the negative half complex plane, we get 

^ out = e -^*e 2 ^>*e Ar *e^e^. (18) 
The scattering probability of outgoing wave at the horizon is 



1>. 



out 



2 



2t("-"0) 

e s — . (19) 



i>out 

According to explanation of Sannan[l4l. the outgoing wave has black body spectrum 



N u = -s=± , (20) 



T = — — . 21 
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4 Touch between a Kinnersley black hole and its Rindler 
horizon 



If m = in Eq(j3]), we will get Rindler horizon equation as 



r '2 

2f - (1 - 2ar cos 0) + 2ar' sin 9 - — = 0. (22) 



So the Klein-Gordon Eq(jSJ) can be rewritten as 



d 2 $ 2 9$ , „ N <9 2 $ d 2 $ 

2—— + -— + (1 - 2arcos9)—r + 2asin0 



c?t> <9r r c?t> dr 2 d0dr 

2r - 6ar 2 cos 5$ 2a sin 0(9$ <9$ 1 9 2 $ 

+ 2a cost'— — h 



r 



2 Q r r 89 dr r 2 d9 2 



cot 3$ 1 <9 2 $ - . , 



r 2 90 r 2 sin 9 dip 2 

To study the equation outside the Rindler horizon (r < r H ), the tortoise coordinate should 
be written as 

r * r+ 2K(vo,e ) m[ r H (v,0) J ' 

v* = v - v Q , 9* = 9 - 9 . (24) 

The Klein-Gordon Eq( l23l) can be rewritten as 

r'x + [1 + 2n(r — r H )}{—2rr H (r H + ar' H sin9) + r 2 H [l + 2n(r — r H )](l — 2arcos9)} 

2nr 2 H (r — r#)[l + 2n(r — Th)] 

d 2 $ <9 2 $ r i 



9r 2 dv^dr* r 2 H r\i + 2re(r — r#)](r — r#) 

\2rr\rn — 2rnrnr{r — r#) — r 2 H r{\ — 2ar cos 0) + 2ar 2 H r' H r sin 

—2ar' H rHr(r — r#) sin0 — r^r^(r — r#) cot0 — t" h Th{t — r^) + r^(r — r^) — r%r^\ 

2 27Ti r [l + 2«(r-r JT )lasni0-2r / ff <9 2 $ 

H 4a cos 0} — h 



r 9r* rr#[l + 2«(r — r#-)] dr*d9* 

2K(r-r H ) r 2<9$ 2a sin 9$ 1 9 2 $ 
H — — 1 1 

1 + 2n(r — r H ) r dv* r 89* r 2 d9 2 

cot 9$ 1 <9 2 $ 



r 2 09* r 2 sur 9 dip 2 

Due to the Rindler horizon Eq ( 122ft . the numerator of the coefficient on the first term of above 
equation approaches to zero at the Rindler horizon r#. Therefore we can calculate the limit 
of the coefficient using L'Hospital law. Following above procedure, we obtain 

I -acos0-^f i acos0 + S--2^: 

k = — r £- + — (26) 

2r H acos0 + If- 2r H acO s0+^- 



2r H 



Then the equation can be transformed into 



d 2 $ a 2 $ a 2 $ _ q 

<9r 2 dv*dr* dr*d9* dr* 
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where 



B = 2(asin0 o - 



H 



G = + 



1 , r^cot^o , r" H r'l , r£ 



H 



+ n 11 11 

H H H 



Separating variables as 



$ = i*(r*)9(0*)e 



ilip—iujv r . 



we have radial solution of the equation 



The outgoing wave solution can be rewritten as 



oh/ ^ e -^ c « WeG r ( rfl_j: ) fe ( rfl_j:^. 



(28) 



(29) 



(30) 



which is not analytical at the horizon. Extending the outgoing wave from outside (r < r H ) 
to inside (r > r H ) of the horizon analytically by turning +n angle through the positive half 
complex plane, we get 



The relative scattering probability of outgoing wave at the horizon is 

2 



out 



out 



= e 



(31) 



(32) 



so Hawking radiation spectrum is 

1 



N u = 



e k B T ± I 

— K 



(33) 



i i a cos 9 + -f 

^ / - 1 - 1 u 



1 -acos^- ^ + ^4 



2ttA: b 2r Hacosd + lH_ 2r H acosd + lH 



)■ 



(34) 



2/ ; 



When a is constant, we will get Rindler horizon equation of an observer which has 
uniformly accelerated rectilinear motion 



- (1 - 2or cos 9) + 2ar' sin 9 - 



J2 



0. 



(35) 



Its solution is rotating parabolic surface 



a(l + cos#) ' 



(36) 
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From Eq (l34p . the Hawking temperature of the Rindler horizon is constant 

m —k a 



2nk B 2nk B 



(37) 



Now we consider the touch between a Kinnersley black hole and its Rindler horizon. 
While th reaches extreme value, i.e. r' H = 0, Eq(j4|) can be rewritten as 

(2a cos 9x)r 2 H - (1 - 2f H )r H + 2m = 0, (38) 

where 9\ is angle when r B reaches extreme value. The solution is 



(1 - 2f H ) ± v /(l-2r H ) 2 -16macos^ 1 

r H = 2 • 39 

4a cos Ui 

When th = and ma <C 1, the solution can be rewritten as 

r Hi ~ o — —7- s r ^2 = 2m, (40) 
2a cos 6 1 ! 

obviously r# 2 belongs to black hole horizon. Comparing Eq (l36]) with Eq( l4"U|) . we find r^i 
belongs to Rindler horizon and 9\ = 0. The extreme value of r# is 



(1 - 2r H1 ) + y/(l - 2r H1 f - lQma 



4a 



(1 - 2r H2 ) - v/(l - 2r H2 f - lQma 
r H2 = . (41) 

As black hole horizon touches Rindler horizon, i.e. rnx = r B 2, we will have 

(1 - 2r H f = 16ma, r H1 = r H2 = ~ TH , (42) 

4a 

mm , , 

a = — = — ■ («) 

EqdH]) can be rewritten as 

«2 



2 



2nk 



B 



m _ 771 I 1 

i i ~2 o ~2 — ha— q — 

1 J- / r ,,„ rt,„ 2vh2 



r H2 r H2 



2irk B 2r H2 y ^ + a ^ + a 

and Eq( l3~4|) can be rewritten as 

7i 



(^T—+ H2 m I I - ), (44) 



2ttA; 



B 

m _ 771 I 1 

i i ,7^7 -a r^: + a ~ 



III 



2nk B 2r H1 y ^ + a 
So the temperature of touch point is 



m I ! TH1 )- (45) 



1 1 2a — r„ 

T=— ^ = — . (46) 

2nk B 2r H 2a 2nk B (l - 2r H )r H v ; 
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5 Conclusion and discussion 

Following Zhao's method, Hawking temperature of the Kinnersley spacetime is investigated. 
It is found that the temperature relies on both time and angle. The phenomenon of touch 
between black hole horizon and Rindler horizon is similar to collision between two black 
holes. When th = 0, the temperature of the touch point in Eq( l4~6l) is equal to zero. It will 
violate the third law of thermodynamics, so maybe the touch is impossible. 
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